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Possibilities of Drag Reduction by the Use of Flexible Skin
DEZSO GYORGYFALVY*

The Boeing Company, Seattle, Wash.

A flexible aerodynamic surface is considered as a possible means of delaying transition and re-
ducing skin-friction drag. The results of an extensive analytical study on boundary-layer insta-
bility and transition in incompressible Blasius-flow over a flexible surface are presented. A
simple flexible skin model consisting of a taut membrane and an elastic base has been con-
sidered. The mechanical behavior of such a skin is controlled by the mass, the wave propaga-
tion velocity, the stiffness, and the damping. The analysis shows that with proper selection
of the surface characteristics, the transition can be significantly delayed through reduced
amplification rates, even though the critical Reynolds number for instability is only
slightly increased. The extent of transition delay and the required surface properties are
delineated. The theoretically possible drag reduction is most significant within the Reynolds
number range of 3 to 50 X 106. Hence, potential fields of application of flexible skins would
be in sailplanes, helicopters, small and medium subsonic airplanes, hydrofoils, torpedoes,
speed boats, and miniature submarines.

Nomenclature

a = amplification factor, imaginary part of the complex wave
velocity

cr = phase velocity, real part of the complex wave velocity
Com = wave propagation velocity in the membrane, (T/M)l/<2

d = damping coefficient, Eq. (21)
D = damping constant, lb-sec/ft3

KM = mass parameter, Eq. (13)
Ks = stiffness parameter, Eq. (15)
KD = damping parameter, Eq. (17)
m = mass coefficient, Eq. (18)
M = membrane mass per unit area, Ib-sec2/ft3

Rx = Reynolds number based on length, Um x/v
Rd = Reynolds number based on boundary-layer thickness
S = compression stiff ness of base material, Ib/ft3

T = membrane tension, Ib/ft
t/oo = freestream velocity, fps
x = distance from leading edge along the plate, ft
a. = dimensionless wave number, kd
/3r = disturbance frequency, a.cr
d = boundary-layer thickness, ft
d* = boundary-layer displacement thickness, ft
v — kinematic viscosity of fluid, ft2/sec
p = density of fluid, Ib-sec2/ft3

coo = dimensionless cutoff frequency, (S/M)ll2d/Uo3
w* = circular frequency of disturbance, sec"1

ior = dimensionless circular frequency, (3r/Rd = co^v/Um
2

Introduction

THE problem of reducing skin-friction drag, by the use of
flexible surface coatings, has generated considerable in-

terest in recent years. This new method of boundary-layer
control is based upon the concept that a flexible surface,
through proper coupling with the flow, can produce a favor-
able influence on the boundary layer and thus reduce skin-
friction drag. The favorable influence may be either a delay
of transition from laminar to turbulent flow, or possibly, a re-
duction of the shear stresses in a turbulent boundary layer.
The present paper considers the potential for drag reduction
due to transition delay.

Flexible skin for reducing skin friction was first proposed by
Kramer1 as a result of studies on the hydrodynamic per-
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formance of dolphins. Experiments with flexible surface
coatings having characteristics similar to the dolphin's skin
showed impressive drag reductions in water. Inspired by
Kramer's promising experimental results, Benjamin,2 and
Landahl3 conducted fundamental theoretical investigations
concerning the effects of a flexible wall on hydrodynamic
stability. It was found that a properly designed flexible sur-
face would, indeed, have favorable effects on the boundary-
layer stability, although the critical Reynolds number (at
which instability first occurs) could be increased only by a
relatively small amount. It was also found, however, that a
flexible skin could introduce other types of instabilities which
would be undesirable. Benjamin classified these as "class B"
and "class C" instabilities to distinguish them from the basic
Tollmein-Schlichting instability, termed "class A." (Class
B represents a surface resonance type of instability and class
C is a divergence type.) Furthermore, it was also recognized
that damping in the surface is beneficial in preventing class B
instability, but it is actually detrimental in stabilizing the
Tollmein-Schlichting waves.

Following the previous theoretical studies, several experi-
mental programs were undertaken with the aim of duplicating
Kramer's results under different test environments. Most of
these experiments, however, were unsuccessful or inconclusive.
Perhaps the most important result emerging from these ex-
periments has been the recognition that more specific theoreti-
cal foundations are required before one can expect consistent
success in experimental work. The renewed interest in fur-
ther developing the theory has produced several newer con-
tributions, among which those of Kaplan,4 Landahl,5 and
Benjamin6 are especially noteworthy.

The present study was motivated by recognizing that the
principal effect of a flexible skin would be in reducing the
amplification of the Tollmein-Schlichting waves rather than
in postponing instability. Lower amplification rates then
should lead to delayed transition, even though the neutral
stability limits would not be significantly affected. Thus, the
focus of interest in the present study was directed toward the
effects of flexible skin on the amplification of the Tollmein-
Schlichting waves and the transition delay attainable, whereas
most previous studies have been concerned only with the
neutral stability characteristics.

The principal objectives were to find to what extent the
transition could be delayed by flexible skin, what properties
the flexible skin should possess to delay transition effectively,
what reductions in skin friction would be possible, and what
the most promising fields of application would be.
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Fundamentals of the Theory

Neutral Stability Criterion

According to boundary-layer stability theory, transition
occurs as a consequence of instability of small disturbances
(Tollmein-Schlichting waves) developing in the laminar
boundary layer because of surface roughness or turbulence in
the main flow. After a certain degree of amplification, these
waves burst into turbulent spots that spread downstream and
change the character of the boundary layer from laminar to
turbulent.

The conditions under which instability occurs are pre-
dicted by the stability theory. In its basic form, an in-
compressible, parallel, laminar boundary layer with a given
mean velocity profile U(y) is considered (Blasius flow), upon
which small two-dimensional periodic disturbance velocities
u and v are superimposed. Mathematically, the disturbance
takes the form of a traveling wave that can be described by a
stream function

, y, t) = (1)

where $ is the amplitude, k is the wave, number, and c is the
wave velocity. It is assumed that A; is a real quantity,
whereas c is complex, c = cr + id- The fundamental relation
from which the stability of a disturbance can be determined is
the Orr-Sommerfeld equation:

(2)

In Eq. (2), all variables are made dimensionless; those having
a length scale are divided by <5, the velocities by Um, the times
by 5/C/oo, and the pressures by pUm

2.
To solve Eq. (2), one must define the applicable boundary

conditions. In the case of Blasius flow over a homogeneous
flexible wall, the appropriate boundary conditions can be de-
rived from the requirements that the disturbance velocities
must vanish far from the wall and the motion of the fluid and
the surface must be compatible at the interface. The second
condition, in effect, means that the traveling wave admit-
tances of the fluid and the surface must be equal at y = 0.

Solutions to the Orr-Sommerfeld equation are possible only
for certain eigenvalue combinations of the parameters a, c,
and R§> The behavior of a certain disturbance is determined
by the imaginary part of the c eigenvalue. If d < 0, the
disturbance is damped (i.e. the flow is stable) and if d > 0,
the disturbance is amplified (i.e. the flow is unstable). The
limiting case d = 0 corresponds to neutral stability.

The criterion for neutral stability in the case of a flexible
wall was formulated by Landahl3 as

AF = Fo - Y = 0 (3)

where F0 represents the fluid admittance for neutrally stable
waves and Y denotes the mechanical admittance of the sur-
face. The expression for F0 is given by

u + iv — 1 + X(l - (4)

where Uw' denotes the initial slope of the mean velocity pro-
file; u and v are the perturbation velocity components that
depend on a, c, and U(y); X is a factor depending on c and
U(y)j and the quantity £F is known as the modified Tietjens
function $(z) = 5v + i$i, where z = c(aRs)1/s/Uw'2/3. The
calculation of these quantities is described in detail by Lin.7

For the Blasius profile, the factor X is very small and may
be neglected without causing a serious error. Thus, the neu-
tral stability criterion, in simplified form, can be written as
follows:

PHYSICAL MODEL

-TAUT MEMBRANE

MECHANICAL MODEL

STRUCTURAL FRAME SPRING - MASS - DASHPOT SYSTEM

ps= SURFACE PRESSURE

M = MEMBRANE MASS S = COMPRESSION STIFFNESS
T = MEMBRANE TENSION D = DAMPING CONSTANT

Fig. 1 The flexible skin model considered.

Mechanical Admittance of the Flexible Surface

The mechanical admittance of a flexible surface is a quantity
describing the response of the surface to traveling pressure
waves. By definition, the admittance is the reciprocal of the
impedance, that is, the ratio of the displacement velocity
amplitude to the pressure amplitude

Y = 1/Z = -v,/ps (6)
In the present study, a simple flexible skin model is con-

sidered which consists of a thin, taut membrane supported by
a foamlike elastic base. The mechanical behavior of the skin
is determined by the mass, tension, stiffness and damping
(Fig. 1). For the sake of analytical simplicity, the following-
assumptions are made: 1) the mass of the base material is
negligible in comparison with the mass of the membrane;
2) the bending stiffness of the membrane is negligible; and
3) the damping, which is provided by the base material, is
linear with the displacement velocity (viscous damping).
Hence, the model skin can be treated as a continuous mass-
spring-dashpot system for which the equation of motion can
be written as

where ps is the surface pressure and 77 is the surface displace-
ment, both being represented by a traveling wave

(8)

From Eq. (7), one can derive the ratio of the pressure ampli-
tude to the displacement amplitude :

ps/fj = MkW - TW - S + iDkc (9)
and from this, the admittance is obtained by

Y = - Vs/Ps = ikcfj/ps (10)

The expression for F, however, must be given in a dimension-
less form in order to make it compatible with Eq. (4). This is
done in the same manner as described in connection with Eq.
(2); namely, all lengths are divided by <5, velocities by UK,
etc. Letting c0m = (T/M)1/2/Um (the dimensionless propa-
gation velocity of free surface waves in the membrane) and

o;0 = cutoff frequency), one obtains

Co = (com
2 + coo2/a2)1/2 (11)

as the dimensionless wave propagation velocity for the com-
posite skin. Furthermore, letting m = M/pd (mass co-
efficient) and d — D/pUm (damping coefficient), the dimen-
sionless surface admittance can be written as

Y = - c] (12)

AF = -(ia/Uw')[u + iv - - Y = 0 (5)
For the flexible skin model considered, the physical prop-

erties such as the mass per unit area, tension, stiffness, and
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Fig. 2 Illustration of the transition calculation technique.

damping constant are uniform along the plate. This means
that the dimensionless material coefficients in the admittance
equation vary as <5, the boundary-layer thickness. For a
general description of the surface characteristics, it is de-
sirable to introduce dimensionless parameters that are in-
dependent of the boundary-layer thickness. For example

Mass Parameter

KM =
Tension Parameter

KT =
Stiffness Parameter

Ks =
Cutoff Frequency Parameter

Damping Parameter

KD = = A/TT

(13)

(14)

(15)

(16)

(17)
where f is the damping factor, A is the logarithmic decrement,
fj, is the viscosity, and Ri = Um/v is the unit Reynolds num-
ber. The material coefficients appearing in the admittance
equation can be expressed with the above parameters as
follows :

Co = [(KT/KM) + KJ Rf/a*]^

coo = KUR8

d = KDKM(XCQ/R8

(18)

(19)

(20)

(21)

Each coefficient is an explicit function of Rs, which varies
with the boundary-layer growth along the plate:

R8 G* (22)

Amplification Rates

In addition to the eigenvalues corresponding to neutral
stability, a series of eigenvalues can be found for the stability
equation for which c» ^ 0. Of these, the unstable eigen-
values (ct > 0) are of further interest since they determine the
amplification characteristics. The amplification of a travel-
ing wave can be expressed by the ratio of any two consecu-
tive amplitudes:

= expo» (23)

where pi is the temporal amplification rate, defined as the
imaginary part of the complex frequency:

= a(cr (24)

Several numerical techniques have been developed to cal-
culate the amplification rates. PretschV and Shen's9

methods are best known of these. A simple, approximate
technique was suggested by Landahl,3 and this has been
used in the present study. Accordingly, the amplification
factor d can be given by

= -[AF/(dAF/dc)]C: (25)

where c^ is the phase velocity at an eigenvalue. This simple
relation, although justifiable only near the neutral stability
boundary, gives reasonably good results throughout the en-
tire unstable zone.

Transition Criterion

An unstable disturbance requires a certain degree of am-
plification before it can produce transition. The distance be-
tween the point of instability and point of transition can be
predicted on the basis of an empirical correlation, found by
A.M.O. Smith,10 between the theoretical amplification rates
and the experimental point of transition. Using Pretsch's
amplification rate charts, Smith calculated the rate of growth
of the unstable Tollmein-Schlichting waves for a number of
cases in which the actual point of transition had been known,
and found that an amplification ratio of

ATR (R8) = ^ exp 9 (26)

was characteristic at transition. From this correlation,
Smith has formulated a transition criterion according to which
transition occurs when the amplification ratio of the most
critical frequency reaches the value of ffadt = 9.

Pretsch's amplification rate charts give somewhat lower
values for & than more recent calculation techniques. Ac-
cordingly, the critical value of ffadt at transition is greater
than 9 when the amplification rates are calculated by some
different technique than that of Pretsch. Using Eq. (25)
for the calculation of c», the appropriate value of ffrdt at
transition was found to be approximately 11. For numerical
evaluation of the transition point, it is necessary to express
the temporal amplification rates in terms of spatial amplifica-
tion rates, which can be done to the first approximation by
substituting dt = dx/cr.-\ Thus, the transition criterion

SHEN (9)

0.015
AMPLIFICATION

FACTOR,
Ci 0.010

0.005 -

PRESENT TECHNIQUE
• =SCHUBAUER AND

SKRAMSTAD'S
_ EXPERIMENT (11) •

- >̂  ——^
\
\

0.4 0.6 0.8
WAVE NUMBER, a

Fig. 3 Comparison of calculated and measured amplifica-
tion factors (rigid surface, Rd = 7700, i.e., Rs* = 2200).

t A more precise way of converting the temporal and spacial
amplification rates is to use the group velocity, cg = d(o;cr)/da,
instead of the phase velocity, cr. The difference between cg and
cr, however, is not too significant in ordinary cases.
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applied in present analysis is as follows:

/;•**-£ (27)

It is known that in the later phase of the amplification
process, the disturbances become three-dimensional and non-
linear; thus, the existing conditions can no longer be validly
described by the stability theory and the calculated amplifica-
tion rates are rather fictitious. But in spite of this, Smith's
correlation method has proved to be a useful way in predicting-
transition in the case of flows over rigid surface. We have
postulated that this technique is also applicable in the case of
flexible surface, and based our analysis, in great part, upon
this assumption. It has been speculated,5 however, that the
flexible skin might have a favorable influence not only on the
development of the Tollmein-Schlichting waves, but also on
the breakdown of these into three-dimensional waves in the
later part of the amplification process, and if this is true, then
the results of the present transition prediction technique
might even be somewhat conservative.

Computation Technique

The previous concepts concerning neutral stability, am-
plification, and transition have been integrated into a com-
puter program. This made it possible to carry out an ex-
tensive parametric study on the effects of a flexible skin on
transition delay. The major steps of the computation pro-
cedure are as follows (Fig. 2).

1) The eigenvalues a and c corresponding to neutral
stability (d = 0) are calculated for various selected x stations
along the plate on the basis of Eq. (5). The eigenvalues de-
fine the neutral stability boundary that is presented in Fig. 2
in terms of cor = f ( R x ) , where cor is the dimensionless circular
frequency (cor = /3r/Rd = co*^/^2).

2) At each x station, the unstable zone between the upper
and lower branches of the neutral stability curve is divided
into equal intervals and at each of these points, the cor-
responding amplification factor d is calculated using Eq.
(25). Thus, an ad/Rsd = /(cor) curve can be defined for
each x station selected. Then cross plots are made at various
values of cor, and hence a set of [ad/Rbd = f(Rx) ]cor functions
are generated.

3) The growth of the amplification ratio f(aCi/Rscr)dRx is
calculated along the plate for various values of cor and when
the value of the integral reaches the critical value of 11, the
transition criterion is satisfied. On this basis a curve is de-
fined representing the predicted transition Reynolds number
as a function of the disturbance frequency RXTR = /(wr).
The lowest value of Rx is then the transition ReynoldsTR
number.
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Fig. 4 The neutral stability boundary, spatial amplifica-
tion rates, and the transition boundary as calculated by the

present technique for a rigid flat plate.
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DISTURBANCE FREQUENCY,^, = a cr

Fig. 5 Effect of mass coefficient 011 the amplification
rates.

Review of Results in the Case of Rigid Surface

The accuracy of the present calculation technique can be
verified by comparing its results with other theoretical and ex-
perimental data. This has been done for the case of rigid
surface for which well-established data are available.

The amplification factors d = f ( a ) are compared in Fig. 3
for a given Reynolds number, showing the results of various
calculation techniques together with Schubauer and Skram-
stad's11 experimental data. Pretsch's results date from 1940
and are probably least accurate. Shen's data reflect the
state-of-the-art of 1954, whereas Kaplan's data represent
the more recent and refined calculations. The results of the
present technique are in reasonably good agreement with
the experimental and the newer theoretical data.

The complete set of information regarding instability and
transition, as obtained by the present computer technique
for a Blasius flow over rigid surface, is presented in Fig. 4.
Included are 1) the neutral stability boundary d = 0, 2)
the contour lines of equal amplification ad/dRd = const, and
3) the transition boundary f(ad/crRd)dRx = 11, plotted in
terms of cor vs R§. The critical Reynolds number for in-
stability is Rdi = 1400 (R&*! — 400), and for transition, it is
R8TR = 10400 (R&*TR = 2980). The corresponding length
Reynolds numbers are RXI ^ 5.45 X 104 and RXTR ^ 3.0 X
106, respectively. The dimensionless critical frequency for
instability is approximately o>r/ = 320 X 10~6, and the fre-
quency that first produces transition is UTTR = 28 X 10~6.
These results are in agreement with the generally accepted
values. Unfortunately, similar comparisons cannot be made
regarding flexible surfaces for lack of comparative data.

Effects of Flexible Surface Properties
on the Amplification Rates

The speculation that the main effects of a flexible skin
would be on the amplification rates rather than on the in-
stability limits has proved to be correct. It will be demon-
strated that the amplification rates can be significantly re-
duced if the properties of the surface are properly selected.
The way in which the mass, the wave velocity, the stiff-
ness, and the damping influence the amplification rates is
illustrated in Figs. 5-8. The surface properties are specified
by the coefficients m, c0m, co0, and d. In each case one property
is variable while the other three are constant.

The effect of the mass coefficient m = pmtm/p8 is shown in
Fig. 5. As m decreases, the amplification rates are reduced
and the unstable zone is shifted toward lower frequencies.
For m > 10, the reduction is relatively small, but for m <
10 it becomes more and more impressive: 15% at m = 10,
38% at m = 4, and 82% at m = 2. Obviously, the lowest
possible mass coefficient is desired; the minimum attain-
able value of m is, however, limited by the density of prac-
tical membrane materials. This is especially critical in air
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Fig. 6 Effect of membrane wave velocity on the amplifica-
tion rates.

application when pm ^> p; hence, tm <<C 5 would be required to
provide a low value of m. Nevertheless, tm cannot be re-
duced below certain limits for technological reasons. In
water application, it is much easier to satisfy the require-
ments in regard to m since there are practical materials
available which have comparable densities with that of water.

The effect of the membrane wave propagation velocity,
c0m = (T/M)l/2/U^ is shown in Fig. 6. The amplification
rates decrease with decreasing c0m, but significant reductions
are possible only if cQm < 1.0. On the other hand, c0m cannot
be lower than the phase velocity of the fastest unstable
Tollmein-Schlichting waves. In the present case, this is
approximately c0m = 0.48. If c0m is further decreased, di-
vergence-type instability (class C) takes place at lower fre-
quencies.

The effect of the cutoff frequency co0 = (S/M)1/25/Um is
shown irr Fig. 7. The conditions are similar to those pre-
sented in Fig. 6; decreasing o>o reduces the amplification
rates, but below a certain limit, which is between co0 = 0.09
and 0.10 for the case shown, class C instability occurs.

The effect of the damping coefficient d = D/pUm is shown
in Fig. 8. The amplification rates decrease with decreasing
damping; thus again, as low a value of d as possible is de-
sired. A certain amount of damping is required, however,
to prevent a class B instability. It is interesting to note that
high damping, for example, d > 0.3 in the case shown, may
result in greater amplification rates than those associated
with the rigid surface. It is not apparent from Fig. 8, but
calculations for other cases have shown that the relative
influence of the damping markedly depends on the ac-
companying values of m and c0m. If these are relatively low,
the effect of d on ad/cr is very significant, whereas, if either
m or c0m is relatively high, the influence of d is small.

As to the optimum combination of surface characteristics,
it is clear that the lowest possible values of m, c0m, coo, and d
are desirable. The density and inherent damping of suitable

AMPLIFICATION
RATE,
a C i / c r

RIGID SURFACE

0.05 0.10 0.15 0.20 0.25 0.30 0.35

DISTURBANCE FREQUENCY, fir = a cr

Fig. 8 Effect of damping on the amplification rates.

materials, as well as the occurrence of secondary instabilities
(class B and C), however, put limitations on the minimum
attainable values of these coefficients. These limits depend
partly on the specific combination of the variables and also on
the associated value of R§. The best results, that is, maxi-
mum reductions in the amplification rates, could be expected
from such a flexible surface in which the minimum values of
the coefficients m, c0m, coo, and d are maintained from point to
point along the plate. Because of the growth of the boundary
layer, this would require continuously changing surface
properties, that is, a so-called "tailored" skin. Although a
certain degree of tailoring is possible, for example, by varying
the thickness of the membrane or the base layer, etc., it
would be very difficult to design a surface with constant m,
c0m, coo, and d. For the simplified flexible skin model con-
sidered in this study, it is assumed that the physical prop-
erties, namely, the mass per unit area, surface wave velocit}^,
compression stiffness, and damping factor, are constant.
Consequently, the coefficients m, c0m, co0, and d must vary
along the plate according to the variation of d. The most im-
portant effect of this is that the mass coefficient, being pro-
portional to 1/5, is relatively high in the beginning, and re-
duces to the desired lower values only at some distance down-
stream. This implies that the instability point and the
initial amplification rates will not be affected noticeably and
that the beneficial effects of the flexible skin can be utilized
only further downstream. One must strive, of course, to ex-
tend the region of effectiveness as far forward as possible by
keeping the mass per unit area at the lowest possible level.

Effects of Surface Flexibility
on the Transition Point

The effect of surface flexibility on the transition point will
be first demonstrated by a numerical example. The calcu-
lated instability and transition boundaries are shown in Fig.
9 for a given flexible surface and for a rigid surface. It is
seen that the onset of instability remains unaffected and only
a seemingly minor shift occurs in the neutral stability limits;

0.06 r
/—RIGID SURFACE

AMPLIFICATION
RATE,
a c i / c r

0.05 0.10 0.15 0.20 0.25 0.30 0.35

DISTURBANCE FREQUENCY, fi r = a cr

Fig. 7 Effect of cutoff frequency on the amplification
rates.

500 X 10~6

DIMENSIONLESS
.FREQUENCY

5 6
REYNOLDS NUMBER,Rx

8 9 X 1 0 6

Fig. 9 Effect of a given flexible skin on neutral stability
and transition.
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Fig. 10 The transition delay factor as affected by the
mass and wave propagation velocity.
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Fig. 12 The transition delay factor as affected by mass
and damping.

but the transition point is significantly delayed and the fre-
quency band critical for transition is narrowed. Lower
amplification rates associated with the flexible skin make
possible the transition delay. The critical Reynolds number
corresponding to transition is increased from RXTR = 3 X
106 (rigid surface) to RXj,R = 7.2 X 106. The ratio of the
critical Reynolds numbers, or, in other words, the ratio of the
laminar lengths, is indicative of the efficiency of the flexible
skin. We will call this ratio the transition delay factor:

tvxTft(flexible surface) _ #-^(flexible surface^

•*£ z™ y> (rigid surface) TP( r^Sid surface)

In the present example we get £ = 2.4, but considerably
higher values are attainable with more favorable combina-
tions of the surface parameters.

An extensive parametric study was carried out to determine
the best combinations of surface properties and the extent of
possible transition delay. Figure 10 demonstrates the varia-
tion of the transition delay factor as a function of the mem-
brane wave velocity for various values of the mass param-
eter. With decreasing wave velocity, £ increases until the
limit of divergence (class C instability) is reached. This
occurs at approximately C0m/Um = 0.475 for the higher
values of the mass parameter (KM > 12 X 104), and at gradu-
ally increasing C0m/Um's in the case of lower KM's. The
greatest transition delay is obtainable right at the divergence
limit, and the corresponding membrane wave velocity is de-
noted as (Com/Um) limit- On the other hand, there is no ap-
preciable transition delay above a certain value of Com/Um,
which is somewhere between 0.6 and 1.2, depending on the
mass parameter. The latitude of favorable operation thus
can be defined as the difference between (CQm/Um)umit and
the value of C0m/Um at which the transition delay factor be-
gins to grow.

The decisive influence of the mass parameter is clearly seen
in Fig. 10. Low mass results not only in greater transition

delay but also in a greater latitude of favorable operation
velocities. The difficulties associated with finding membrane
materials of sufficiently low mass density but still of adequate
strength constitute the major problem for the aeronautical
application. In this case, lower values of the mass parameter
than KM = 10 X 104 probably would not be attainable.

The effects of the stiffness and damping on the transition
delay factor are shown in Figs. 11 and 12, respectively, for var-
ious values of the mass parameter and the limiting value of
the membrane wave propagation velocity. Decreasing stiff-
ness or decreasing damping results in a greater transition de-
lay, but the occurrence of class C instability at low values of
Ks or of class B instability at low values of KD limits the mini-
mum allowable values of these parameters. In the light of
the limitations affecting the selection of surface parameters,
it is estimated that transition delay factors up to £ = 4 in
air and £ = 10 in water could be ultimately attained.

Drag Reduction Potentials

From an engineering point of view, the most important
question is to find out how much drag reduction would be
possible by the use of flexible skin. The effect of delayed
transition on the smooth flat-plate skin friction is demon-
strated in Fig. 13, where CF is shown as a function of the
Reynolds number, Ri (based on the plate length), for various
values of the transition delay factor. The parameter

.£ = 1 represents the case of a rigid surface for which the
transition occurs at R*TR = 3 X 106. Below this Reynolds
number (Ri < RXTR), the skin friction is purely laminar;
above it, the CF = f(Ri) curve is determined on the basis of a
partly laminar, partly turbulent boundary layer. With de-
layed transition, this curve is shifted toward higher Rey-
nolds numbers. Thus ACF = CFrigid — CVflex represents
the drag reduction attainable at a given Ri by delaying the
transition. This potential drag reduction is shown in Fig. 14
as a percentage of the rigid flat plate skin-friction coefficient for
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Fig. 11 The transition delay factor as affected by the mass
and stiffness.
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Fig. 14 Potential drag reduction due to transition delay
and operation Reynolds number ranges of various air-

borne and waterborne vehicles.

various values of £. The theoretically possible drag reduc-
tion is indeed very impressive; it exceeds 50% of CFrig-ld
within the Reynolds number range of 4.2 to 19 X 106 in the
case of £ = 4, and 4.2 to 56 X 106 in the case of $ - 10, with
peak values of ACj?/Cfrigid = 80 and 90% , respectively.
At high Reynolds numbers, however, the opportunities are
quite limited, especially in air application.

In order to illustrate the potential fields of application for
flexible skin, the operational Reynolds number ranges of
various airborne and waterborne vehicles are also included in
Fig. 14. It is seen that the greatest drag reduction potentials
would be available in the Reynolds number domain of heli-
copter rotor blades, small and medium size subsonic airplanes,
as well as hydrofoils, midget submarines, torpedoes, and small
speed boats. Large and fast vehicles such as modern jet
transports, supersonic airplanes, blimps, ships, submarines,
etc., seem to fall out of the favorable Reynolds number range.

It is to be noted that in the case of practical surfaces with
nonzero pressure gradients and surface roughness, the transi-
tion Reynolds number is usually lower than Rx = 3 X 106;
hence, the curves of Fig. 14 would be shifted to the left.
Thus, sailplanes also could be considered as a possible field of
application, but on the other hand, the drag reduction po-
tentials at higher Reynolds numbers would be accordingly
lower.

Conclusions
Summarizing the results of the present study on the pos-

sibilities of transition delay by flexible skin, the following
conclusions can be made.

1) The main effect of a flexible skin is on the amplification
of the Tollmein-Schlichting waves rather than on the in-
stability limits. With proper selection of the flexible surface
characteristics, the amplification of the Tollmein-Schlichting
waves can be significantly reduced and accordingly the transi-
tion can be delayed.

2) The flexible skin is characterized by four physical
properties: mass per unit area, surface wave velocity, stiff-
ness, and damping. Each of these must be within certain
tolerances to make the skin effective. The most stringent
requirement is low mass. The surface wave propagation
velocity must be slightly higher than the phase velocity of the
Tollmein-Schlichting waves, that is, somewhere between 50
to 80% of the freestream velocity. Higher values make the
skin ineffective; lower, values lead to increased instability.

The stiffness and damping should be as low as possible but
certain values are required to prevent divergence or resonance-
type instabilities.

3) The possibilities of transition delay are greater in water
application than in air application because of the lower values
of relative mass (pskm/pfiuid) attainable in water. It will be
very difficult indeed to find practical materials of sufficiently
low density, especially in aeronautical application. Pre-
liminary estimates suggest that transition delays of up to 4
times in air and up to 10 times in water could ultimately be
achieved. The associated reduction in skin-friction drag is
very significant (up to 80% in air and 90% in water) but it is
attainable only within a rather narrow Reynolds number
range. The most promising fields of application for flexible
skin are in those vehicles that operate at Reynolds numbers of
about 3 to 50 X 106.

4) A logical follow-up of the present study would be an
attempt to verify these theoretical results by a carefully con-
ducted experiment. The theoretical work should also be
continued by investigating other types of flexible skin models
and the possibilities of "tailored'7 skin. Extension of the
calculation technique to flows with pressure gradient and to
compressible flow would also be desirable. -

5) The possibilities of skin friction reduction by flexible
skin are by no means exhausted in this study. Even greater
opportunities seem to open up through development of an
"active" flexible skin, that is, one in which surface waves,
providing a favorable coupling with the flow, are artificially
generated. Another opportunity of great significance is the
development of flexible skins which would reduce turbulent
skin friction. Realization of these opportunities requires
continued and extensive research efforts along both theoret-
ical and experimental lines.
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